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Abstract
We derive the dual CFT Virasoro algebras from the algebra of conserved dif-
feomorphism charges, for a large class of abelian Kaluza-Klein black holes. Under
certain conditions, such as non-vanishing electric and magnetic monopole charges,
the Kaluza-Klein black holes have a Reissner-Nordstrom space-time structure. For
the non-extremal charged Kaluza-Klein black holes, we use the uplifted 6d pure
gravity solutions to construct a set of Killing horizon preserving diffeomorphisms.
For the (non-supersymmetric) extremal black holes, we take the NENH limit, and
construct a one-parameter family of diffeomorphisms which preserve the Hamilto-
nian constraints at spatial infinity. In each case we evaluate the algebra of conserved
diffeomorphism charges following Barnich, Brandt and Compere, who used a coho-
mological approach, and Silva, who employed a covariant-Lagrangian formalism. At
the Killing horizon, it is only Silva’s algebra which acquires a central charge exten-
sion, and which enables us to recover the Bekenstein-Hawking black hole entropy
from the Cardy formula. For the NENH geometry, the extremal black hole entropy
is obtained only when the free parameter of the diffeomorphism generating vector
fields is chosen such that the central terms of the two algebras are in agreement.
1 Introduction and Summary
Since the proposal of a duality between rotating black holes in four dimensions (4d) and
a two-dimensional conformal field theory [1], much work has been done to generalize this
correspondence to other types of black holes. So far, the correspondence has been extended
to charged and rotating black holes in AdS in various dimensions [2, 3], five-dimensional
(5d) KK black holes [4, 5], and various types of black holes in extended gravity theories
and string theory [6, 7, 8, 9, 10, 11]. A large class of 4d and 5d black holes with electric
and scalar charges was also considered in [12]. We will propose that this correspondence
can be extended still further to include all 4d, static, spherically symmetric Kaluza-Klein
black holes with two sets of abelian electric and magnetic charges.
An analysis of this class of black hole solutions to 4d Einstein-Maxwell theory is
facilitated by recasting them as solutions of pure six-dimensional gravity [13, 14, 15].
Depending on the U(1) charges, these black holes have the same global space-time struc-
ture as Schwarzschild black holes or Reissner-Nordstrom black holes. In the BPS limit,
these become supersymmetric extreme black holes, with a null singularity. Unlike the
4d solutions, the 6d solutions do not reside in flat space. This is a consequence of the
non-vanishing 4d magnetic monopole charges.
The first bit of evidence for the existence of a CFT dual to a given black hole arises
by showing that one can construct a classical Virasoro (Diff(S1)) algebra from the Lie
algebra of an appropriate set of diffeomorphisms of the black hole geometry:
i[ξm, ξn]Lie = (m− n)ξm+n. (1.1)
For non-extremal black holes, such a Virasoro can be found by considering diffeomor-
phisms which satisfy certain constraints at either the event horizon or spatial infinity.
The former approach was pioneered by Carlip [16, 17, 18].
The analysis at spatial infinity was first developed by Brown and Henneaux [19].
For extremal black holes, one first takes a particular near-extremal, near-horizon
(NENH) limit and imposes boundary conditions on the various fields in the resulting
geometry to obtain a set of diffeomorphisms which obey (1.1) at spatial infinity. This
approach was first taken by [1] and closely follows that of Brown and Henneaux.
In this paper, we will be interested in the near-horizon analysis of non-extremal black
holes as well as the analysis instigated by [1] for extremal black holes. As far as we are
aware, the non-extremal horizon analysis presented here is the first implementation of this
approach for 4d charged black holes. The novelty of our treatment is that we can extract
the Virasoro algebra of the CFT directly from the 6d geometry where the black holes have
only angular momentum and no electric or magnetic charges, enabling us to sidestep the
necessity to extend the non-extremal horizon analysis to include electric and magnetic
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fields. One hopes that this approach will facilitate a near Killing horizon analysis directly
for the charged 4d black holes.
For either extremal or non-extremal black holes, the next step toward the dual CFT
is to promote the classical Virasoro algebra of diffeomorphisms to a quantum Virasoro
algebra of associated conserved charges. The diffeomorphism charges Qn associated with
the vector fields ξn satisfy a Poisson bracket algebra
[Qm,Qn]P ≡ δξmQn, (1.2)
which is isomorphic to the Lie algebra of the diffeomorphism generating vector fields, up
to central charges
i[Qm,Qn]P = (m− n)Qm+n + c
12
m(m2 − 1)δm+n. (1.3)
When the central charges are non-vanishing, the classical Virasoro algebra gets promoted
to a quantum Virasoro algebra, which is then used to characterize the dual CFT.
In this vein, the literature provides more than one option. One of the most widely used
diffeomorphism charge algebras was developed by Barnich, Brandt and Compe`re (BBC)
[20, 21] from a cohomological approach:
[Qm,Qn]
∣∣∣∣
central term
= − 1
16πG
∫
ǫµ1µ2...µn
(
ξµ2m∇µ1h− ζµ2∇νhµ1ν + ξνm∇µ2hµ1ν
+
1
2
h∇µ2ξµ1m − hµ2ν∇νξµ1m +
1
2
hµ2ν(∇µ1ξνm +∇νξµ1m
)
, (1.4)
where
hµν = δξngµν = ∇µξν +∇νξµ. (1.5)
The applicability of this algebra requires a certain asymptotic behavior of the metric and
other fields. In [20], only a set of sufficient boundary conditions were discussed, namely
the fluctuations should be subleading to the the background fields. (But this requirement
is already violated by most (if not all) of the boundary conditions implemented in the
NENH black hole analysis.) In [21], a more general analysis was performed, outside the
confines of the linearized approximation. The conditions for the validity of the charge
algebra, besides the usual requirements that the diffeomorphisms preserve the boundary
conditions and that the charges be finite and integrable, included
∫
(δξg
γδ)
d
dvgγδ
dv
( √
g
16πG
gαβ dvg
µα dvg
νβ(dn−2x)µν
)
≈ o(r0)
∫
δξ
( √
g
16πG
gαβ dvg
µα dvg
νβ(dn−2x)µν
)
≈ o(r0) (1.6)
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where the integral is taken over some boundary at fixed r, t. In the above dv is a field
vertical differential, d2vg
µν = 0. The authors of [21] noted that it is possible to remove
the constraint (1.6) at the price of adding boundary terms to the Lagrangian. We will
comment on the importance of this condition when testing the applicability of the BBC
algebra.
On the other hand, Silva [22, 23] proposed an alternative construction for the charge
algebra, based on the Lagrangian Noether method, which is purported to have no depen-
dence on boundary conditions for the fields1:
[Qm,Qn]
∣∣∣∣
central term
=
1
16πG
∫
ǫµ1µ2...µn
(
∇νξµ2m∇νξµ1n −∇νξµ1m∇νξµ2n − Rµ2µ1νρξνmξρn
+ξµ1m ξ
µ2
n (R − 2Λ) +
1
2
(∇µ2ξµ1m −∇µ1ξµ2m )∇νξνn −
1
2
(∇µ2ξµ1n −∇µ1ξµ2n )∇νξνm
)
.
(1.7)
Silva noticed that, while constructing the charges Qn is a boundary condition-dependent
issue, the charge variation δQn depends only on the equations of motion and on the gauge
symmetry. This leads to the definition of the Poisson bracket of the two charges and to
the central term quoted above (1.7). Lastly, we’d like to mention that in [22, 23], the
total derivative terms which can be added to the Lagrangian, leading to ambiguities in
the charges, are fixed by enforcing the variational principle.
Although Silva’s algebra can be rewritten in a form which closely resembles the BBC
algebra, the two central terms agree only up to
1
16πG
∫
ǫµ1µ2...µn
1
2
(∇µ1ξνm +∇νξµ1m )(∇µ2ξn ν +∇νξµ2n ), (1.8)
after partial integration. According to Barnich and Brandt, as reported by Silva [22], this
term vanishes for all examples which were known at the time of his work. More recently,
in [21], the integrand of the difference term (1.8) was recognized as the n− 2 form which
enters the supplementary requirement (1.6)
E(dvg, dvg) =
√
g
16πG
gαβ dvg
µα dvg
νβ(dn−2x)µν (1.9)
after replacing dvg
µν by −∇µξν −∇νξµ.
In addition to presenting a new class of black hole-CFT examples, a second goal of
this paper is to compare these two charge algebras. We will show that the same set
1The same central term was obtained by Koga [24] from the asymptotic symmetries at Killing horizons,
by using the covariant phase space formalism.
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of diffeomorphisms can lead to two different values for the central charge of the CFT,
depending on which charge algebra is applied. However, we need to proceed with caution,
since some of the conditions necessary for the validity of the algebras can be violated.
Unfortunately, very little is known about the dual CFT in most instances of the black
hole-CFT correspondence, except in cases where the black hole is a solution of string
theory. For the most part, the only information about the CFT that one can obtain is
the central charge and whether or not the CFT is chiral. Fortunately, knowledge of the
central charge suffices for a computation of the CFT entropy from either the usual Cardy
formula or its thermal version.
We can exploit Cardy’s relation between the central charge and the entropy S =
2π
√
cQ0/6 to test the two different charge algebras. Since the two algebras yield, in
principle, differing central charges, they will produce different entropies. These can then
be compared with the Bekenstein- Hawking entropy of the black hole, which is expected
to coincide with the CFT entropy. For non-extremal black holes, we use the uplifted 6d
solutions and follow Carlip’s approach by first identifying a set of diffeomorphisms which
preserve the horizon structure. Then, for that same set of diffeomorphisms, we compute
the central term of the BBC and Silva’s algebras. We find that the BBC algebra does
not acquire a central term extension. However, it turns out that (1.6) is violated, and
the BBC algebra is simply not applicable. On the other hand, Silva’s algebra aquires a
central extension, and through the use of Cardy’s formula yields the Bekenstein-Hawking
result for the balck hole entropy. The zero-mode Q0 is obtained from the Poisson bracket
algebra, by requiring that we cast it in the standard Virasoro form (1.3).
For extremal black holes, the situation is more complicated. The class of Kaluza-
Klein black holes which we study yield the same AdS2 × S2 × T2 geometry. From a 4d
perspective, the geometry is AdS2×S2, supported by non-vanishing electric and magnetic
Maxwell fields, and scalar fields. For simplicity, rather than dealing directly with the 4d
NENH limit, we use the 6d uplifted geometry. In this case, we need to impose boundary
conditions on the metric at spatial infinity of the NENH geometry. We were able to
find a one-parameter family of boundary conditions which obey all the known linear
self-consistency constraints. These boundary conditions in turn lead to a one-parameter
family of diffeomorphisms. The arbitrary parameter carries over to the diffeomorphism
charge algebra, and appears in the expression for the central charge regardless of which
charge algebra is used2,3 . We further observe that the term describing the difference
between the two algebras depends on the free parameter. When the parameter is chosen
2Although Silva’s algebra is advertised as being independent of boundary conditions, there is no
obvious way to select a set of diffeomorphisms by fixing the free parameter from the field boundary
conditions alone.
3 We note that the validity conditions for the BBC algebra, and in particular (1.6), are responsible
for separately fixing the value of this free parameter. We are grateful to G. Compe`re for bringing to our
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to be such that this difference term vanishes, then both algebras lead to the Bekenstein-
Hawking entropy. We determine the temperature of the dual CFT by expressing the
extremal black hole entropy in terms of quantized charges dSextremal =
∑
i βidQi. Using
the central charge value common to both Silva and BBC charge algebras, we were able
to recover from the thermal Cardy formula S = π2c/(3β) the entropy of the extremal
Kaluza-Klein black holes.
The paper is organized as follows. In section 2, we briefly review the work of Cvetic
and Youm and tailor it to arrive at a class of 6d solutions which compactify to the class of
4d multi-charged solutions described earlier. In the same section, we also compute the 4d
charges along with other thermodynamic quantities that will be relevant for later sections.
In section 3, we construct the geometry of the NENH limit which will be necessary for our
discussion of extremal black holes. Section 4 focuses on obtaining the CFT entropy in the
non-extremal case from a near Killing horizon analysis. Section 5 is devoted to deriving
the extremal black hole entropy from the asymptotic algebra(s) of the diffeomorphism
charges.
2 All 4-dimensional static, spherically symmetric,
2-charge, abelian Kaluza-Klein black holes
2.1 Geometry
Cvetic and Youm constructed a large class of four-dimensional static, spherically sym-
metric black holes of (4+n)-dimensional abelian Kaluza-Klein theory. Their construction
was based on the observation that for such solutions, one has a (n+1)-parameter abelian
isometry group (time-translation being one of the isometries). Then the solutions of
(4+n)-dimensional pure gravity,
gΛΠ =
(
exp(−ϕ
α
)gµν + exp(
2ϕ
nα
)ρijA
i
µA
j
ν exp(
2ϕ
nα
)ρijA
j
λ
exp( 2ϕ
nα
)ρijA
i
pi exp(
2ϕ
nα
)ρij
)
, (2.1)
where gµν is the 4d metric, A
i
µ are the n U(1) gauge fields, ρij is the unimodular internal
metric and α =
√
n+ 2/
√
n, are obtained from the effective three dimensional (3d) action
[25]:
S = −1
2
∫ √
g3
(
R3 +
1
2
Tr(χ−1∂aχχ
−1∂aχ)
)
, (2.2)
attention the supplementary constraint (1.6).
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where g3 = det(τg
⊥
ab), a, b = 1, 2, 3, R3 is the Ricci scalar associated with the effective
three-dimensional metric τg⊥ab, and
χ =
(
τ−1 −τ−1ωT
−τ−1ω λˇ+ τ−1ωωT
)
. (2.3)
The relationship between the 4+n-dimensional metric and the effective action fields is as
follows. Given the (n+1) Killing vectors kI , the metric gΛΠ decomposes into
λˇIJ = gΛΠk
Λ
I k
Π
J (2.4)
g⊥ΛΠ = gΛΠ − λIJkIΛkJΠ (2.5)
gΛΠ =
(
g⊥ab + λ
IJkIakJb kKa
kJb λˇJK
)
, a, b = 1, 2, 3; I, J,K = 1, . . . n + 1. (2.6)
Furthermore, for Einstein spaces RΛΠ = 0,
ωIa = ǫabck
b;c
I = ∂aωI . (2.7)
Lastly, with
τ = det(λˇ), (2.8)
it can be shown [26, 25] that the (4+n)-dimensional pure gravity equations of motion
RΛΠ = 0 reduce to those of the effective action (2.2). Notice that χ is a unimodular matrix,
which for 4d spherically symmetric solutions depends only on the radial coordinate r of
the 4d subspace. Also, for such solutions the effective 3d metric takes the form
τg⊥ab = diag(1, f(r), f(r) sin
2 θ). (2.9)
The 4d metric, gauge and scalar fields in terms of the effective 3d fields are given by
exp(−ϕ
α
)gµν = diag(−τ−1,−τ−1f(r),−τ−1f(r) sin θ, (λˇ11)−1) (2.10)
exp(−2ϕ
nα
)ρIJ = λˇI+1,J+1 (2.11)
AI0 = −
λˇI+1
λˇ11
, AIφ = −τ−1 exp(
2ϕ
nα
)ρIJf(r)
d
dr
ωJ+1 cos θ, (2.12)
where the parameter α is chosen such that the dilaton ϕ has a standard kinetic term:
α =
√
n + 2/
√
n.
Cvetic and Youm employed a solution-generating technique, which allowed them to
obtain all 4d static, spherically symmetric, abelian Kaluza-Klein solutions, by starting
from the 4d Schwarzschild black hole solution
f(r) = r(r − 2γ) (2.13)
χ = diag(−(1− 2γ
r
)−1,−(1− 2γ
r
), 1, . . . 1), (2.14)
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and acting with SO(2, n) transformations.
The solutions which we are interested in, for the purpose of this paper, have n = 2,
and arise through the following succesion of transformations. Start from
f(r) = r(r − 2γ) (2.15)
χ = diag(−(1− 2γ
r
)−1,−(1− 2γ
r
), 1, 1), (2.16)
and first perform an SO(1,1) rotation on χ which acts on the 1st and 3rd indices, with
parameter δP , and another SO(1,1) rotation acting on the 2nd and 4th indices, with
parameter δQ. Defining
P = 2γ sinh(δP ) cosh(δP ) ≡
√
p(p− 2γ), (2.17)
Q = 2γ sinh(δQ) cosh(δQ) ≡
√
q(q − 2γ), (2.18)
the rotated χ matrix reads
χ =


− r+p
r
0 P
r
0
0 − r+2γ−q
r+2γ
0 Q
r+2γ
P
r
0 r+2γ−p
r
0
0 Q
r+2γ
0 r+q
r+2γ

 , (2.19)
and f(r) = r(r + 2γ). In the above we have also redefined r by sending r − 2γ into
r. The solutions generated in this fashion have the same global space-time structure as
4d Schwarzschild black holes. To arrive at more general ones, with an inner and outer
horizon, we continue the set of SO(2,2) rotations, with an SO(1,1) transformation with
parameter δ1, mixing the 1st and 4th indices, followed by yet another SO(1,1) rotation,
mixing the 2nd and 3rd indices, with parameter δ2, where
δ1 = −arctanh(
√
p(p− 2γ)δ),
δ2 = arctanh(
√
q(q − 2γ)δ). (2.20)
The parameters δ1, δ2 are not independent. The condition that the metric obtained after
these transformations asymptotes to flat space, and thus has a vanishing Taub-NUT
charge restricts δ1 and δ2 as in (2.20).
As advertised, these 4d black holes are solutions of the Kaluza-Klein reduction of 6d
Einstein gravity. The reduced action is obtained by substituting the Kaluza-Klein ansatz
(2.1) into the Einstein-Hilbert action
S = 1
16πG
∫
d4x
√
g(R +
1
4
ρije
αϕF iµνF
µν;j − 1
2
∂µϕ∂
µϕ− 1
4
ρijρkl∂µρik∂
µρjl), (2.21)
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where we recall that α =
√
2 and ρ is a unimodular 2× 2 matrix. The corresponding 6d
uplift is characterized by
ds26 = −N2dt2 + grrdr2 + gθθ(dθ2 + sin2 θdφ2) + gyy(dy + Ay0dt+ Ayφdφ)2
+gzz(dz + A
z
0dt+ A
z
φdφ)
2 + 2gyz(dy + A
y
0dt+ A
y
φdφ)(dz + A
z
0dt+ A
z
φdφ)
τ = − (−1 + p
2δ2 − 2pδ2γ)r(r + 2γ)
(−r2 − 2γr − pr − 2γp+ p2δ2r2 + δ2p2rq − 2pδ2γr2 − 2qδ2prγ)
N2 = − (r + 2γ)(−1 + q
2δ2 − 2qδ2γ)r
−2qδ2prγ + q2δ2pr − r2 − rq − 2qδ2r2γ + q2δ2r2 − 2γr − 2qγ
grr = −τ−1
gθθ =
−r2 − 2γr − pr − 2γp+ p2δ2r2 + δ2p2rq − 2pδ2γr2 − 2qδ2prγ
−1 + p2δ2 − 2pδ2γ
Ay0 = −
(−pr + 2γq + 2γr + rq)δ
√
q(q − 2γ)
(−2qδ2prγ + q2δ2pr + q2δ2r2 − 2qδ2r2γ − 2γq − r2 − 2γr − rq)
Ayφ =
√
1− q2δ2 + 2qδ2γ
√
p(p− 2γ)√
1− p2δ2 + 2pδ2γ
cos θ
Az0 = −
(−1 + q2δ2 − 2qδ2γ)(p2δ2r − 2pδ2rγ − r − 2γ)
(rpδ2q2 − 2pδ2rγq + r2q2δ2 − 2δ2r2qγ − r2 − 2γq − qr − 2rγ)
×
√
q(q − 2γ)√
1− q2δ2 + 2qδ2γ
√
1− p2δ2 + 2pδ2γ
Azφ =
√
p(p− 2γ)δ(−2γ − p+ q)
−1 + p2δ2 − 2pδ2γ cos θ
gyy = (r
2 − p2δ2r2 + 2pδ2γr2 − q2δ2r2 + q2δ4r2p2 − 2q2δ4r2pγ + 2qδ2r2γ − 2qδ4r2γp2
+4qδ4r2γ2p+ 4γr + 4qδ2prγ − 4δ2p2rγ + p3δ2r − q2δ2pr + 4qδ2rγ2 + 4pδ2γ2r − 4q2δ2rγ
+q3δ2r − δ2p2rq + pq3δ2 + δ2p3q + 4γ2 − 2δ2p2q2)
× 1
(−1 + q2δ2 − 2qδ2γ)(−r2 − 2γr − pr − 2γp+ p2δ2r2 + δ2p2rq − 2pδ2γr2 − 2qδ2prγ)
gzz =
(−1 + p2δ2 − 2pδ2γ)(r + p)(r + q)
(−r2 − 2rγ − pr − 2pγ + p2δ2r2 + p2δ2rq − 2pδ2r2γ − 2pδ2rγq)
gyz = − (−1 + p
2δ2 − 2pδ2γ)(p− q)(pr + qp− 2rγ + qr)δ
(−r2 − 2rγ − pr − 2pγ + p2δ2r2 + p2δ2rq − 2pδ2r2γ − 2pδ2rγq)
× 1√
1− q2δ2 + 2qδ2γ
√
1− p2δ2 + 2pδ2γ
. (2.22)
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From the zeros of the lapse function N2 we infer that the position of the outer horizon
is at r+ = 0, whereas the inner horizon is at r− = −2γ. Therefore γ is the non-extremality
parameter, defined as (r+ − r−)/2. We should perhaps emphasize that having either one
of the parameters δP , δQ, δ vanishing leads to solutions which do not have the same global
space-time structure as 4d Reissner-Nordstrom black holes. The supersymmetric black
holes are charcterized by γ = 0, with p, q fixed.
2.2 Thermodynamics
The ADM mass of the 4-dimensional Kaluza-Klein black holes is
MADM ;4d =
1
8πG4
∫
dSµν∂
µkν
=
(4δ2γ2 − 1− 2pδ2γ + qδ2p− 2qδ2γ)(qp2δ2 + pq2δ2 − p− q − 4pqδ2γ)
4G4(1− p2δ2 + 2pγδ2)(1− q2δ2 + 2qγδ2)
,
(2.23)
The electric and magnetic fields and the corresponding electrostatic and magnetostatic
potentials are
Ei = ∂rA
i
0 ≡ ∂rΦi, i, j = 1, 2 = y, z (2.24)
Bi = e
αϕρij∂θA
j
φ ≡ ∂rΨi. (2.25)
It is amusing to note that the magnetostatic potentials are related to the electrostatic
ones as follows: to obtain Ψ1 = Ψy start from Φ
2 = Az0 and interchange p and q; to obtain
Ψ2 = Ψz start from Φ
1 = Ay0 and interchange p and q.
The conserved electric and magnetic monopole charges
Q1 = −
(p− q − 2γ)
√
q(q − 2γ) δ
1− q2δ2 + 2qδ2γ , (2.26)
Q2 =
√
1− p2δ2 + 2pδ2γ
√
q(q − 2γ)√
1− q2δ2 + 2qδ2γ
, (2.27)
P 1 =
√
1− q2δ2 + 2qδ2γ
√
p(p− 2γ)√
1− p2δ2 + 2pδ2γ
, (2.28)
P 2 =
(p− q + 2γ)
√
p(p− 2γ) δ
1− p2δ2 + 2pδ2γ . (2.29)
can be obtained from the asymptotic behavior of the electrostatic and magnetostatic
potentials Ai ∼ Qi/r+O(r−2), Ψi ∼ P i/r+O(r−2). The same pattern of simultaneously
9
interchanging the indices 1 and 2 and the parameters p and q relates the magnetic and
electric charges.
The Hawking temperature and horizon area are
TH =
√
(1− p2δ2 + 2pδ2γ)(1− q2δ2 + 2qδ2γ)
4π
√
pq
, (2.30)
Ahorizon;4d =
8πβ
√
pq√
(1− p2δ2 + 2pδ2γ)(1− q2δ2 + 2qδ2γ) . (2.31)
Finally, for the 4d black holes, the Smarr formula reads
MADM ;4d =
1
2G4
THAhorizon;4 +
1
4G4
(QiΦ
i + P iΨi), (2.32)
and we can explicitly verify that it is satisfied. The normalization of the Maxwell action
in (2.21) is responsible for the peculiar factor of 1/4 in the Smarr formula.
The extremal limit is a bit subtle. As the non-extremality parameter γ is taken to
zero, we must also take p→ q, δ → 1/q:
p = q + (C2 −D2)γ, γ → 0
δ =
1
q
− (C
2 − 1)
q2
γ, γ → 0. (2.33)
while keeping C,D fixed. This will insure that the lapse function has a degenerate double
root at r = 0, as expected for the extremal limit of black holes with Reissner-Nordstrom
global space-time structure. The Hawking temperature vanishes for these extremal black
holes.
In the extremal limit, the Bekenstein-Hawking formula for the black hole entropy
yields:
Sextremal;4d =
πq2
CDG4
. (2.34)
It is interesting to notice that we can express the extremal entropy solely in terms of
charges
Sextremal;4d =
π
2G4
(Q1P
1 +Q2P
2)
∣∣∣∣
extremal
Q1 extremal = −q(C
2 −D2 − 2)
2C2
, Q2 extremal =
qD
C
P 1extremal =
Cq
D
, P 2extremal =
q(C2 −D2 + 2)
2D2
. (2.35)
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The uplifted 6d solutions are non-asymptotically flat rotating black holes. The electric
charges of the 4d black holes are mapped into conserved angular-momentum type charges,
obtained via Komar integrals
Ji =
1
16πG6
∫
dSµν∇µlνi , i = 1, 2 = y, z
l1 = l
µ
1∂µ = ∂y, l2 = l
µ
2∂µ = ∂z. (2.36)
The magnetic monopole charges are mapped into the periodicities of the y, z coordinates.
In order to avoid singularities at θ = 0, π, y and z must be periodic with periods
y ∼ y + Ly = y + 4πP 1, z ∼ z + Lz = z + 4πP 2. (2.37)
The 4d Newton’s constant is expressed in terms of the 6d Newton’s constant as
1
G4
=
LyLz
G6
, (2.38)
and the Komar angular momenta can be written as
Ji =
Qi
4G4
. (2.39)
The Hawking temperature of the uplifted 6d black holes is the same as that of the 4d
black holes.
In the extremal limit, the 6d black hole entropy equals
Sextremal;6d = Sextremal;4d
G4Ly extremalLz extremal
G6
=
8π3q4(C2 −D2 + 2)
D4G6
. (2.40)
3 The NENH limit
For later purposes we record here the near-extremal near horizon (NENH) limit of these
black holes. We begin by making a coordinate transformation
r = 2ǫζ, (3.1)
while at the same time taking the non-extremality parameter to zero
γ = βǫ2, (3.2)
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as ǫ → 0. As the extremality limit is approached, we need to take p → q , and δ → 1/q
as follows:
p = q + βǫ2(C2 −D2) δ = 1
q
− βǫ2C
2 − 1
q2
, (3.3)
where q, C,D are held fixed.
To leading order in ǫ, the parameter β drops out, and the NENH geometry is AdS2×
S2 × T2:
ds26 = −
4C2ζ2
q2
dt2 +
q2
D2ζ2
dζ2 +
q2
D2
dΩ22
+
4D2
(b(C2 −D2) + 2CD)2 + 4
(
dy˜ − b(C
2 −D2 + 2) + 2CD
Dq
ζdt
+
b(C2 −D2 + 2) + 2CD
2D2
q cos θdφ
)2
+
D2(b(C2 −D2) + 2CD)2
(b(C2 −D2)2 + 2CD)2 + 4
(
dz˜ − 2C(b(C
2 −D2 − 2) + 2CD)
qD(b(C2 −D2) + 2CD ζdt
+
b(C2 −D2 − 2) + 2CD
D2(b(C2 −D2) + 2CDq cos θdφ
)2
,
(3.4)
where we have redefined the time coordinate
t→ t/ǫ.
The Kaluza-Klein coordinates (y, z) have been also redefined as
(y˜, z˜) = (y + bz, z − b((C
2 −D2)2 + 4) + 2CD(C2 −D2)
2CD(b(C2 −D2) + 2CD) y)
in order to diagonalize the T2 line element. The metric diagonalization can be achieved
with an arbitrary parameter b.
A few comments are in order: the AdS2 × S2 factor is to be expected since the
extremal limit of the 4d Kaluza-Klein black holes, which have the same global space-
time structure as Reissner-Nordstrom black holes, is indeed AdS2 × S2. The electric and
magnetic fluxes which support the AdS2 × S2 geometry are obtained by performing a
straightforward Kaluza-Klein reduction along T2. Second, we notice in the NENH limit
the magnetic fluxes cannot be simultaneously zero. This will bring an element of novelty
in constructing the diffeomorphism algebra at spatial infinity.
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To simplify our analysis of the CFT dual to the 6d NENH geometry, we will further
choose
b = − 2CD
C2 −D2 + 2 .
With this choice, and with one more obvious rescaling of the t, y, z coordinates,
(t, z˜)→ ( D
2C
t,
√
2
D
z˜),
the NENH metric takes the simple form
ds26 = −
D2ζ2
q2
dt2 +
q2
D2ζ2
dζ2 +
q2
D2
dΩ22 + (dz˜ −
√
2D
q
ζdt+
√
2q
D
cos θdφ)2 + d ˜˜y2.
(3.5)
The coordinate z˜ must be periodic with period 4π
√
2q/D, to avoid any singularities. The
orginal y, z coordinates, in the NENH limit, are periodic with periods
y ∼ y + 4πCq
D
, z ∼ z + 2πq(C
2 −D2 + 2)
D2
. (3.6)
4 Entropy of the non-extremal black hole from sym-
metries at the Killing horizon
We will follow Carlip’s approach [16, 17]to determining the entropy of the 4d 2-charge
non-extremal Kaluza-Klein black holes from symmtries at the Killing horizon. However,
as advertised, we will instead work with the uplifted 6d solutions (2.22), which lend
themselves to a more direct application of Carlip’s ideas. The first step is to determine a
set of differomorphisms which preserve the structure of the horizon, and which generate
through their Lie brackets a Diff(S1) algebra. A choice satisfying these requirements is
ξµn = Tnχ
µ +Rnρ
µ, (4.1)
where χµ is the Killing vector whose norm vanishes at the horizon
χ = χµ∂µ = ∂t + Ωy∂y + Ωz∂z ,
Ωy = −Ay0
∣∣∣∣
r=0
, Ωz = −Az0
∣∣∣∣
r=0
, (4.2)
and Ωy,Ωz are angular velocities at the horizon. The vector ρ is given by
ρµ = − 1
2κ
∂µ(χ
νχν), (4.3)
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where κ is, as usual, the surface gravity:
TH = κ/(2π). (4.4)
Both ρ and χ have vanishing norms at the horizon. The scalar functions Tn and Rn are
related to each other
Rn = −
1
κ
χµ∂µTn +O(r). (4.5)
Our choice for Tn is
Tn =
1
α+ Ωy(2π)/Ly
ein(αt+(2pi)/Ly y), n ∈ Z. (4.6)
The normalization factor for Tn is such that ξn will generate a properly normalized
Diff(S1) algebra. A different choice of the U(1) direction selected to write Tn will
not change any of our conclusions.
Next, instead of the algebra of the conserved diffeomorphism charges used by Carlip,
we will employ the corrected algebra of Koga and Silva (1.7). The central term of this
algebra equals
− iδm+nm3
α + Ωy(2π)/Ly
κ
Areahorizon;6d
G6
= −iδm+nm3
α+ Ωy(2π)/Ly
κ
Areahorizon;4d
G4
.
(4.7)
Requiring that the central term has the standard form of a Virasoro algebra determines
uniquely the zero mode Q0
Q0 =
α + Ωy(2π)/Ly
κ
Areahorizon;6d
16πG6
, (4.8)
and the central charge of the chiral Virasoro algebra
c =
α + Ωy(2π)/Ly
κ
3Areahorizon;6d
2πG6
. (4.9)
Lastly, the Cardy formula leads to the Bekenstein-Hawking entropy
S = 2π
√
cQ0
6
=
1
4
Areahorizon;6d
G6
=
1
4
Areahorizon;4d
G4
, (4.10)
provided that
α = κ− Ωy(2π)/Ly. (4.11)
This is perhaps in accord to expectations, since the coordinates of a zero angular momen-
tum coordinate system at the horizon are Y = y − Ωyt, Z = z − Ωzt. In addition, the
14
period of the t coordinate is 2π/κ, which means that the Fourier mode expansion at the
horizon will involve the scalar functions exp(in(κt + (2π)/LyY )).
When using the BBC Poisson bracket algebra of the conserved diffeomorphism charges,
we find that the central term is vanishing4. Thus for the same set of Killing horizon
preserving diffeomorphisms (4.1), only Silva’s charge algebra acquires a central charge
extension. Moreover, in the latter case, with the natural choice (4.11), the diffeomorphism
charges yield a dual CFT Virasoro algebra which correctly accounts for the black hole
entropy.
5 Entropy of the extremal black hole from symme-
tries of the NENH geometry at spatial infinity
In this section we will consider the diagonalized 6d NENH geometry (3.5), where we notice
that the y˜ coordinate parametrizes a trivial S1 fibration. Thus the geometry is effectively
five dimensional. The boundary conditions we impose on the metric fluctuations at the
boundary of the NENH geometry, at 1/ζ = 0, are as follows
δgµν =


ζ2htt(θ)
dF (z˜)
dz˜
O(ζ−2) ζhtθ(θ)F (z˜) ζhtφ(θ)dF (z˜)dz˜ ζhtz˜(θ)dF (z˜)dz˜
O(ζ−2) O(ζ−3) O(ζ−2) O(ζ−2) ζ−1hζz˜(θ)d
2 F (z˜)
dz˜2
ζhtθ(θ)F (z˜) O(ζ−2) O(ζ−2) hθφ(θ)F (z˜) hθz˜(θ)F (z˜)
ζhtφ(θ)
dF (z˜)
dz˜
O(ζ−2) hθφ(θ)F (z˜) O(ζ−2) hφz˜(θ)dF (z˜)dz˜
ζhtz˜(θ)
d F (z˜)
dz˜
ζ−1hζz˜(θ)
d2 F (z˜)
dz˜2
hθz˜(θ)F (z˜) hφz˜
d F (z˜)
dz˜
hz˜z˜(θ)
dF (z˜)
dz˜


.
(5.1)
The allowed metric fluctuations given in (5.1) are such that the constraint equations
G0µ = g
0νGµν = 0, where Gµν is the Einstein tensor, are satisfied. This restricts the
4In fact, the constraint (1.6) is not satisfied for the diffeomorphism generator (4.1), which means that
the BBC algebra cannot be used in this case.
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number of independent functions in the metric fluctuations:
hθz˜(θ) = − 1√
2
q
D
htθ(θ)
htt(θ) =
D4
q4
htt = const
hζz˜(θ) =
1
2
htt
htφ(θ) = −
D2
q2
htt cos θ
hz˜z˜(θ) = −
√
2
q
D
htz˜(θ)−
D2
q2
htt
hφz˜(θ) = −1
2
(√
2
D
q
htt cos θ + 2
q2
D2
htz˜(θ) cos θ − q
2
D2
d htz˜(θ)
dθ
sin θ +
q2
D2
htθ(θ) sin θ
)
hθφ(θ) = − 1
2 sin θ cos θ
D
q
(
q3
D3
htθ(θ) sin θ cos
2 θ + 2
√
2htt cos θ + 2
q
D
hφz˜(θ) cos
2 θ
− q
3
D3
d htz˜(θ)
dθ
sin θ cos2 θ − 2 q
D
d hφz˜(θ)
dθ
cos θ sin θ − q
3
D3
d htz˜(θ)
dθ
sin θ
+4
q3
D3
htz˜(θ) cos θ +
q3
D3
htθ(θ) sin θ + 2
q
D
hφz˜(θ)
)
. (5.2)
To leading order in 1/ζ , the most general diffeomorphism generator which preserves these
boundary conditions is
ξn ≡ ξµn∂µ = exp(−
2πinz˜
Lz˜
)
(
− ianζ∂ζ + fφ(θ)∂φ − Lz˜
2π
∂z˜
)
a =
D2httπ
Lz˜q2
fφ(θ) = −
1
2
√
2 cos θ
(√
2htz˜(θ) +
D
q
Lz˜
π
(a− 1)
)
, (5.3)
where
Lz˜ = 4π
√
2
q
D
(5.4)
is the period of the diagonalized z˜ coordinate in (3.5).
We would like to highlight that, in contrast to the structure of the boundary conditions
of the NENH 4d Kerr black hole and the diffeomorphism boundary-preserving generator
of that case, here we have a free parameter htt in the metric fluctuations, and corre-
spondingly, a free parameter a in the diffeomorphism ξn given in (5.3). The constraint
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equations are satisfied with arbitrary htt, htθ(θ), htz˜(θ). The relative normalization of the
various terms in the diffeomorphism generator (5.3) was chosen such that its Lie algebra
is a Diff(S1) algebra.
Let us now substitute (5.3) into (1.7) and (1.4). By casting the central term of Silva’s
conserved charge algebra into the standard Virasoro form we arrive at the following central
charge expression5:
cS = 3
√
2
qa
Lz˜D
Ahorizon;6d
G6
=
3aAhorizon;6d
4πG6
, (5.5)
whereas from the BBC central term we obtain the central charge
cBBC =
3
√
2
2
qa(3− a)
Lz˜D
Ahorizon;6d
G6
=
3a(3− a)Ahorizon;6d
8πG6
, (5.6)
where Ahorizon;6d = Ahorizon;4dLyLz is the area of the horizon of the extremal 6d black hole.
The central charge does not depend on the free function fφ. On the other hand, fφ will
enter the expression of the zero mode Q0.
We note that for
a = 1
the two central charges agree, and the difference term (1.8) vanishes. It is for that same
value a = 1 that the conditions for the validity of the BBC algebra, in particular the
second condition (1.6), are satisfied.
We have also considered three other sets of diffeomorphisms analogous to that given
in (5.3), but which depend solely on t, φ, or y˜ respectively instead of z˜. Although each of
these form a Diff(S1), we found that the Virasoro algebra resulting from either Silva’s
or the BBC prescription had vanishing central term and thus led to a vanishing entropy.
We conclude that only the z˜-dependent diffeomorphisms are related to a non-trivial CFT
dual.
To obtain the extremal black hole entropy, we will use the thermal Cardy formula.
The temperature of the dual chiral CFT Tz˜ is extracted from
dSextremal = βz˜dNz˜ ≡
1
Tz˜
dNz˜, (5.7)
5 We have analyzed what happens if a different linear combination of the torus U(1)×U(1) isometries
is chosen, instead of ∂z˜, to construct the vector field ξn and the corresponding boundary conditions. The
central charge dependence on the free parameter a comes out the same, for each of the two diffeomorphism
charge algebras.
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where Nz˜ is the quantized U(1) charge associated with z˜-translations. For the NENH
geometry (3.5), the U(1) charge is
Jz˜ =
2
√
2π2q3(2 + C2 −D2)
D3G6
. (5.8)
The quantized charge is obtained from the Bohr-Sommerfeld quantization formula
Nz˜ =
1
2π
Lz˜Jz˜. (5.9)
Further using (2.40) leads to
Tz˜ =
1
π
. (5.10)
Finally, the thermal Cardy formula yields the Bekenstein-Hawking entropy
Sextremal =
π2
3
cT =
Ahorizon;6d
4G6
, (5.11)
provided that a = 1. The Bekenstein-Hawking formula for the entropy of the 4d extremal
2-charge black hole is immediately reproduced, since the 6d Newton’s constant and the
4d Newton’s constant are related by LyLz/G6 = 1/G4, and the 4d black hole horizon area
is Areahorizon;4d = Areahorizon;6d/(LyLz).
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